It is shown that if you blow vigorously over a curved strip of paper, it levitates into the shape of a catenary. This result quantifies a common classroom demonstration and is a pedagogically useful addition to other studies of catenaries in an intermediate classical mechanics course.
Specifically, suppose a strip of paper is clamped horizontally at one end between the fingers of your hand, exerting a tension T 0 on that end in the negative x direction, as sketched in figure 1 . You blow along the top surface of the strip, starting from where you are holding it, such that the air moves at approximately the same speed υ along its entire length. Consider an arbitrary point along the strip. At this point, the tension T in the paper makes an angle α with the horizontal. Suppose the paper has thickness t and volumetric mass density ρ, and the strip has width w and total length L. The paper is assumed to be flexible enough that its transverse rigidity can be neglected. (That means the strip will initially have to be draped across your other hand so that it adopts a curved shape.)
The force dF due to the pressure difference normal to an element of the paper of length ds at the point of interest is given by Newton's second law in terms of the centripetal acceleration [3] as
where r is the radius of curvature [7] at the point and primes indicate x derivatives. Here the constant K is equal to r u lu = wt 2 2 where λ is the linear mass density of the strip of paper. The horizontal component of this force is Thus the total horizontal component of the blowing force along the section of paper from where you are holding it (defining the origin) to the point ( )
Likewise the vertical component of the blowing force on the element is Figure 1 . Free-body diagram for a strip of paper held at the origin and blown across its top surface.
(noting that downwards has been chosen as +y in figure 1 ) which integrates as Solve the left-hand side of equation (7) for a sin and the right-hand side of equation (4) in terms of the dimensionless coordinates u º / X gx 2 and u º / Y gy . 2 A heavy cable hanging from two fixed points and the curve of revolution describing a soap film suspended between two coaxial circular rings also have this characteristic shape [8] . For vigorous blowing, this final equation (11) is independent of the end tension T 0 . That independence no longer holds for weak blowing, in which case the shape of the strip depends on the transverse rigidity of the paper. Substituting equation (8) into (10) and evaluating the result at = s L implies that the value of X runs from 0 to + » ( ) ln 2 1 0.881 along the length of the strip. Equation (11) then implies that Y increases from 0 to -» 2 1 0.414. Figure 2 presents a to-scale graph of the resulting shape of the paper.
